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Integrated Modified Least Squares
Estimation and (Fixed-b) Inference for
Systems of Cointegrating Multivariate

Polynomial Regressions

SEBASTIAN VELDHUIS! and MARTIN WAGNER!23

1Departm(—mt of Economics, University of Klagenfurt
2Bank of Slovenia, Ljubljana

3Institute for Advanced Studies, Vienna

Abstract

We consider integrated modified ordinary and generalized least squares estimation
for systems of cointegrating multivariate polynomial regressions, i.e., systems of re-
gressions that include deterministic variables, integrated processes and products of
non-negative integer powers of these variables as regressors. The stationary errors
are allowed to be correlated across equations, over time and with the regressors.
The necessity to consider integrated modified generalized least squares estimation
arises in case of estimation under restrictions, which in general implies that ordinary
and generalized least squares estimators cease to be identical. We discuss in detail
hypothesis testing for the unrestricted and restricted estimators. Furthermore, we
develop asymptotically pivotal fixed-b inference, which is shown to be available only
in the case of full design for up-to-the-intercept-identical hypotheses tested in all

equations in systems with identical regressors in all equations.
JEL Classification: C12, C13, C32

Keywords: Integrated Modified Estimation, Cointegrating Multivariate Polyno-

mial Regression, Fixed-b Inference, Generalized Least Squares



Povzetek

Obravnavamo integrirano modificirano navadno in posploSeno ocenjevanje najmanjsih
kvadratov za sisteme kointegrirajo¢ih multivariatnih polinomskih regresij, tj. sisteme
regresij, ki kot regresorje vklju¢ujejo deterministicne spremenljivke, integrirane pro-
cese in produkte nenegativnih celostevilskih moci teh spremenljivk. Dovoljeno je, da
so stacionarne napake korelirane med enacCbami, skozi Cas in z regresorji. Potreba
po upoStevanju integriranega modificiranega posploSenega ocenjevanja po metodi naj-
manjsih kvadratov se pojavi v primeru ocenjevanja z omejitvami, kar na sploSno pomeni,
da obicajne in posploSene cenilke po metodi najmanjsih kvadratov niso ve¢ identic¢ne.
Podrobno obravnavamo testiranje hipotez za neomejene in omejene cenilke. Poleg tega
razvijamo asimptoti¢no pivotalno inferenco s fiksno-b, ki je na voljo le v primeru popol-
nega nacrta za hipoteze, identi¢ne do prestreznega clena, testirane v vseh enacbah v

sistemih z enakimi regresorji v vseh enacbah.



1 Introduction

This paper considers integrated modified (IM) least squares estimation — both OLS
and GLS — for systems of cointegrating multivariate polynomial regressions (SCMPRs).
These are systems of regressions that include deterministic variables, integrated processes
and products of (non-negative) integer powers of these variables as regressors. The error
terms, assumed to be jointly stationary across equations, are allowed to be correlated
— both serially and across equations — and the stochastic regressors are allowed to be
endogenous. Thus, the paper extends the analysis of univariate cointegrating multivari-

ate polynomial regressions (CMPRs) of Vogelsang and Wagner (2024) to the systems
settingE

Integrated modified ordinary least squares (IM-OLS) estimation, introduced for cointe-
grating linear regressions in Vogelsang and Wagner (2014), has several key advantages
compared to other modified least squares estimators used in cointegrating regression
analysis: First, estimation is tuning-parameter-free. IM-OLS requires the estimation
of a conditional long-run covariance matrix for inference only. Second, IM estimation
allows performing fixed-b inference in cointegrating regressions (see Vogelsang and Wag-
ner, 2014, Section 5). Fixed-b inference is designed to capture the impact of kernel and
bandwidth choices, required for estimating the above-mentioned conditional long-run
covariance matrix, on the sampling distributions of test statisticsﬂ Third, and this is a
very important conceptual advantage, IM estimation can be extended straightforwardly
to allow for the inclusion not only of powers of integrated processes as regressors (the
CPR case), but also of arbitrary non-negative integer products of integrated processes

as regressorsﬂ

L This paper fulfills a similar (but more encompassing) extension-to-systems-of-equations role as Wagner
(2023) fulfills for Wagner and Hong (2016). These two earlier papers — discussing fully modified least
squares estimation — only consider (systems of) cointegrating polynomial regressions (CPRs), in which
cross-products (of non-negative integer powers) of integrated processes are not included as regressors.
Note that Wagner (2023) contains a typo in the definition of M+ below equation (7). The u and v
subscripts in the A-terms in the definition of M, need to be switched, e. g., in the i-th row Au“,j
needs to be replaced by Avjui for j = 1,...,m. The sentence should then continue with: “and M,
defined analogously, with Avjui, i=1,...,n,7=1,...,m replaced by Avjvi, i,wj=1,...,m.

2Fixed-b analysis of spectral estimators has been introduced by Neave (1970). It has been developed
into an alternative framework for (robust) inference for stationary regressions in Kiefer and Vogelsang
(2005).

3Note that this overcomes, admittedly only for the case of multivariate polynomials, the additive se-
parability between integrated regressors that is most often assumed in the nonlinear cointegration
literature. For a more encompassing discussion of this aspect see Vogelsang and Wagner (2024,
Section 1).



One important (economic) application of CMPRs, i.e., of regressions involving cross-
products of integrated regressors, are so-called Translog functions, see, e. g., Christensen
et al. (1971) or the example in Remark [I} A second important application is RESET-
type specification testing (originally introduced by Ramsey, 1969) of cointegrating (mul-
tivariate polynomial) regressions using the version of Thursby and Schmidt (1977), where
(non-negative integer) powers and cross-products of powers of the regressors in the orig-
inal regression are included in an augmented test regression. See the discussion in

Vogelsang and Wagner (2024, Sections 2.4 and 3) for the single-equation caseﬁ

Considering systems of equations, useful to, e.g., analyze Translog cost or production
function systems with several outputs, adds some further aspects compared to the single-
equation setting discussed in Vogelsang and Wagner (2024). First, see also the cor-
responding discussion in Wagner (2023), systems of equations necessitate a detailed
consideration of generalized least squares estimators, in this paper integrated modified
generalized least squares (IM-GLS). This stems from the well-known fact that OLS-
and GLS-type estimators coincide in general only (for any positive definite symmetric
weighting matrix) in systems with identical regressors in all equations and without pa-
rameter constraints. Second, the scope of fixed-b inference needs to be investigated in
more detail than in the single-equation case. It turns out that — in addition to full design,
required also in Vogelsang and Wagner (2024) — fixed-b inference is only available for
up-to-the-intercept-identical hypotheses tested in all equations in systems with identical
regressors in all equations. Whilst this is, of course, restrictive it includes, e. g., fixed-b
RESET-type specification testing for systems of equations with identical regressors in

all equations under both the null specification and in the augmented test regressionﬁ

This short paper is organized as follows: Section [2] discusses, organized in four sub-
sections, the setup and assumptions, unrestricted estimation and inference, estimation
and inference under restrictions and fixed-b inference. Section [3| briefly summarizes
and concludes. All proofs are relegated to the appendix. MATLAB code for IM-OLS/GLS
estimation and inference, including fixed-b inference — which necessitates (the generation
of) specification-dependent critical values (that additionally depend upon kernel function

and bandwidth) — is available upon request.

“Note that, as already discussed in Wagner and Hong (2016, Section 2.3) and Vogelsang and Wagner
(2024, Section 2.4) additional integrated regressors (and their non-negative integer powers and cross-
products) can be included in the augmented test regression.

5The limited scope of fixed-b inference implies that there is no need to consider fixed-b inference for IM-
GLS estimators, since IM-OLS and IM-GLS coincide in settings where fixed-b inference is available.



2 Theory

2.1 Setup and Assumptions

We start with considering unrestricted systems of cointegrating multivariate polynomial

regressions (SCMPRs) where all equations include the same set of regressors:

ytZGZt+Ut, t:].,...,T, (1)

Tt = Tp—1 + Vg,

with g := (Y1, Ynt)'s Zt 7= (2165 - -+, 2)7pe)’, With 2y = tiox% ceximofori=1,..., ||
and 7; non-negative integers for j = 0,...,m, © = [Ohilh=1, njicT € Rl and x; =
(Z1ty ..., Tme). The regressors zy;, i = 1,...,|Z| are ordered, e.g., by lexicographic
ordering of the multi-indices i := (ip,...,%y) from a multi-index set Z indexing all

regressors. To avoid perfect multi-collinearity by construction, we assume that no multi-

index 1 is contained more than once in Z.

The results in this paper can be established under the same assumptions, adapted
to multivariate y;, as used in, e.g., Vogelsang and Wagner (2024, Footnote 10) and
we, therefore, abstain from positing a detailed set of assumptions. As is common in
the cointegrating regression literature, we also exclude cointegration amongst the m
integrated regressors {z;}icz as well as multi-cointegration in the system. Defining

{nihez := {(u}, v}) }ez, a functional central limit theorem holds:

-1/2 &l _ Bu(r) _ 0l/2
T ZﬁtﬁB(T) By(r) QW (r), (2)

=1 o\l

for 0 <r <1, with W(r) denoting (n 4+ m)-dimensional standard Brownian motion and

by assumption positive definite long-run covariance matrix:

Q’U/U Qu >
Q= ( O Q: ) =Y E(njmp), (3)

j=—o00

partitioned conformably with 7;. When €, # 0, the regressors are endogenous and
the setting also allows for relatively unrestricted forms of serial correlation of the errors
{nt}tez. Using, e. g., the Cholesky decomposition of §2,, = 911)42(911)1/)2), , one can write (2))

more specifically as:



Bur) \ [ L (@) \ [ Waulr)

B,r) ]\ o 0/ W,(r) )’ @)

with Q4.0 = Quu — Q25,1 Qyy the (innovation) covariance matrix of By, (1) := By (r) —
Quo Q) By (r)

Remark 1. To exemplify the setting and notation, consider the following simple example
(with n = m = 2) of a two-output firm — with output “proper” Y; and (unwanted output)
emissions E; — using a Translog production function with the two input factors capital

K; and labor Ltﬂ Including additionally (equation-specific) intercepts leads to:

InY; = 61,(0,0,0) + 01,(0,1,0) 10 K¢ + 01 (0,0,1) In Lt + 03 (0.2,0)(In K;)?
+ 01,002y (0 Lg)* + 01 0.1,1) In K¢ In Ly + g,

In Ey = 05 (0,0,0) + 02,0.1,0)In K¢ + 02,0.0.1) In Ly + 02 (0.2,0)(In K;)?
+ 02,0020 Lg)* + 05, 0.1,1) In K¢ In Ly + gy,

with the coefficients double-indexed by first the equation index A = 1,2 and second
the multi-index i = (ig, i1,42) € Z corresponding to regressor z; = t'0(In K;)" (In L)
with Z = {(0,0,0),(0,1,0),(0,0,1),(0,2,0),(0,0,2),(0,1,1)} and |Z| = 6. In matrix

notation, the above system can be written more compactly as in :

SReduced rank of Q,., corresponds to multi-cointegration, excluded in this paper due to the assumption
that € is positive definite.

"When considering emissions as one of the outputs, it is usual to also include energy as production factor.
We abstain from including additional production factors as well as a measure of the technology level
merely for algebraic brevity. In some applications, the inputs are disaggregated into five input factors:
capital, labor, energy, materials and services, labelled as KLEMS. For the 27 member countries of
the European Union, the EU-KLEMS project provides corresponding annual data over the period
19952020 for 23 industries. The short sample period makes this data set potentially unsuitable
for cointegration analysis (of the long-run behavior), but this question will be investigated in detail
elsewhere.



_ . -
In K;
InY; :[91,(0,0,0) 01,0,1,00 01,001 01,020 01,002 91,(071,1)] In L; . Ult‘|
In £y 02,000 02,010 02,001 02,020 02002 02011 (In K;)? use |’
I 5 (nLy)* |~
| nK;InL; |
—
In K, In K;_q V1t
In L4 N InL; 4 + Vot

This two-output Translog example thus corresponds to a system without restrictions on

the parameter matrix, since all regressors are included in both equations.

Remark 2. The setting considered in this paper is closely related to the seemingly
unrelated cointegrating polynomial regression (SUCPR) setting considered in Wagner
et al. (2020) and Knorre and Wagner (2024)F] A difference to those papers is the
consideration of cointegrating multivariate polynomial regressions, i.e., the inclusion of
cross-product terms (and that the two papers mentioned both consider fully modified
rather than integrated modified estimation). Given our setting, a system of seemingly

unrelated multivariate cointegrating polynomial regressions would be of the form:

Yht :Z;Lteh+uhta h: ]-a"'anv (5)

Tht = Tht—1 T Vht,

where 2ps 1= (2n1t, - - - » 2njz,|t)” With components of the form zp;; = tioxijlt e x;%lht for
h=1,...,nandi=1,...,|Zy|. While in the “classical” seemingly unrelated regressions
(SUR) setting of, e.g., Zellner (1962), no explicit assumptions are posited about the
relationship between the regressors in the different equations, the seemingly unrelated
cointegrating regression literature often assumes that the regressors are disjoint between
the equations, with exceptions being Moon and Perron (2004) for the cointegrating linear

case and Knorre and Wagner (2024) for the cointegrating polynomial case. As Knorre

8See also the discussion in Wagner (2023, Remark 2).



and Wagner (2024), we refer to common regressors as regressors occurring in at least

two equationsﬂ

The equation system can be rewritten in the form given in : Combine all distinct

elements of xp;, h =1,...,n into a vector x; € R™. In the case of no common integrated
regressors, xy := (&, ..., a},), with m = > _; my,, and in the case that all integrated
regressors are common — as in the example in Remark [l x; := x1; = - -+ = xp, with
m=mj;=---= mnm To define the joint regressor vector combine all distinct elements

of {Zhit}hzl,...,n,izl,...,|Ih\ into a vector Z; with elements z; = tiox’ft e :E;’th with a corre-
spondingly defined multi-index set Z. Clearly, elements of the vector Z; that occur as

regressors only in one or some equations, imply block-zero restrictions in rows of ©.

Consider as a simple example a system of two countries described by Cobb-Douglas
production functions with again capital K; and labor L; as production factors and with

a common technology level A, assumed for simplicity here as observableﬂ

“Note for completeness that, of course, Zellner (1962) also discusses the case where the regressors are
assumed to be identical across all equations. For this setting he shows the important and widely-
used result that OLS and GLS estimation coincide in the case that there are no restrictions on the
parameters. This result is, as is also well known, e.g., the “basis” for equation-by-equation OLS
estimation of unrestricted vector autoregressive models.

%0ne key difference between Wagner et al. (2020) and Knorre and Wagner (2024) is that the former

paper excludes common regressors and the latter paper closes that gap. Both papers contain de-
tailed discussions of group-wise pooling, i.e., of groups of coefficients being identical across groups of
equations. This allows testing numerous specification-related hypotheses as well as performing cor-
respondingly restricted estimation. A second difference between the two papers is that Knorre and
Wagner (2024) provide a discussion for the general multiple integrated regressors case, whereas the
discussion in Wagner et al. (2020) considers a more stylized and, thus, algebraically more accessible
setting with only one integrated regressor and its powers per equation.
To complete the discussion, panel cointegrating (polynomial) regression settings are also closely re-
lated, see, e.g., de Jong and Wagner (2022) for pooled estimation or Wagner and Reichold (2023)
for group-mean estimation. In this case, one usually assumes that the regressors in a setting like (b))
are disjoint across equations (with some papers allowing for common regressors or factors in the
cointegrating linear case) and that the coeflicients are pooled, i. e., identical across equations. In line
with the assumptions posited in classical panel analysis, the literature often assumes cross-sectional
independence and potentially cross-sectional i.i.d. behavior (see, e. g., Phillips and Moon, 1999). Fur-
thermore, it is customary, as in standard panel analysis, to include individual- and time-specific (fixed
or random) effects.

" Commencing from Y; = exp(61n Atut)KtaLf taking logarithms leads, as is well known, to a line-
ar cointegrating relationship, i.e., InY; = 6 + In A; + aln K; + 81In Ly + uy, if one assumes that
In A¢,In K, In L are integrated (but not cointegrated) and that wu; is stationary.



- ) -
IIIAt
InYyy | | 611 1 aa B 0 O In Ky Rt
lant 02’1 1 0 0 a9 52 hlth U2t ’
=Yt :6 IDKZt =uy
1nL2t
L A
=7

Ty = Ty—1 + Vg,

with z; = (In A¢, In K14, In L1, In Koy, In Log)'s iee., Zy = (1, x%)’E In the notation of ,
the elements of Z; are of the form z;; = %0 (In A;)% (In K14)% - - - (In Ly ). Since the Cobb-
Douglas system corresponds to a system of (log-)linear cointegrating relationships, the
multi-indices i are given by (0,0,...,0) (the intercept) or iy = 0 and exactly one i; =1
for j =1,...,5 (the five integrated regressors), i.e., Z = {(0,0,0,0,0,0), (0,1,0,0,0,0),
...,(0,0,0,0,0,1)} and |Z| = 67

The example illustrates several important aspects: As mentioned above, rewriting sys-
tems of seemingly unrelated cointegrating regressions into the systems format considered
in this paper leads to block-zero restrictions in rows of the coefficient matrix ©, in this
case for the two equation-specific variables capital and labor. Common integrated regres-
sors (across all equations), in this example In A, do not lead to row-wise zero restrictions.
Since we assume in this example that In A; enters the production function one-to-one,
the corresponding elements in © are restricted to be equal to one. However, one may
want to estimate the corresponding coefficients, 01 4 and 03 4 say, to test whether the
coefficients are identical (and/or equal to one). Other hypotheses that one may want
to test in this example are constant returns to scale, i.e., a + 8 = 1, either in one or
both equations, or the same (in case of constant returns to scale) factor shares in both

countries, i.e., a3 = OZQE Note that OLS- and GLS-type estimation do, in general,

2The ordering of the stochastic regressors in x; chosen here, with first the common regressor and then
the country-specific regressors ordered by equation is, of course, only one possibility. Knorre and
Wagner (2024), e. g., order common regressor(s) last.

3Linking back to the standard notation defined above, e.g., a1 corresponds to 01,(0,0,1,0,0,0)-

141n the Translog case, testing for constant returns to scale involves several hypotheses. In the example of
Remarkthese are (omitting the equation index): 6(9,1,0) +6(0,0,1) = 1, 0(0,2,0) + 0(0,0,2) +(0,1,1) =0
and 9(0,2,0) = 9(0,0,2)~
One can also perform specification testing, using, e.g., a Translog system as a more general alterna-
tive to a Cobb-Douglas system and test the corresponding zero restrictions to the squared production
factors and the cross-product of the two production factors. In fact, one interpretation of the Translog



not coincide for this system, if one imposes the restrictions on © for estimation. This

exemplifies the need for considering both OLS- and GLS-type estimators.

Remark 3. In we allow only for polynomial time trends, i.e., terms corresponding
to multi-indices of the form (i, 0,...,0) for i9 > 0. However, more general deterministic

components can, of course, be included, e. g., in a regression model of the form:

Yyt = Op Dy + OZ; + w4, (6)

Ty = Ty—1 + Vg,

with Z; containing only z; with multi-indices where min;—; ., 7; > 0. In this case, it
suffices to assume for D, € RP that there exists a sequence of p x p scaling matrices Ap

and a p-dimensional vector of functions D(z) such that for 0 < r <1 it holds that:

lim TV?ApDy,p| = D(r) with 0 </ D(2)D(z)dz < 0. (7)
0

T—o00

It is also possible to have elements of a more general D;-vector included in the cross-

product terms, provided asymptotic multi-collinearity is excluded.

2.2 Estimation and Inference

IM-OLS estimation is in fact nothing but OLS estimation of the partial sum version of

equation that is augmented by the original integrated regressors:

SY =087 +Txy + S, t=1,...,T, (8)
= 0S7 + S,
with S} := 23:1 yj, S, Si defined analogously, S7 := (S7', x})’ and ® := (0, T') €

R (IZl+m) Stacking all observations, equation (8) can be written as:

SY =087 +TX + S, (9)
=357 4+ S,

function is to consider it as a second-order Taylor approximation to an unknown more general pro-
duction function, see, e.g., Christensen et al. (1973) or Denny and Fuss (1977). This interpretation,
of course, leads to the potential consideration of higher-order Taylor approximations.

10



with SY := (SY,...,5%), SZ = (SZ,...,5%), X := (z1,...,27), S* := (S¥,...,S%)
and SZ = (SIZ sy S*% ). Exactly as discussed in a closely related context in Wagner
(2023, Remark 1) and in fact known since Zellner (1962), see Footnote [0} for unre-
stricted systems of equations (that are linear in parameters) with identical regressors
in all equations, OLS estimation coincides (algebraically) with GLS estimation for any
(regular) weighting matrix. Consequently, with identical regressors in all equations and
without parameter restrictions, it suffices to consider the system version of the single
equation IM-OLS estimator for CMPRs discussed in Vogelsang and Wagner (2024)@
The IM-OLS estimator @ is defined as the OLS estimator of ® in @, i.e.:

$ = (SVS§7) (52871, (10)

The discussion of the asymptotic properties of the IM-OLS estimator requires the de-
finition of two quantities: First, the scaling matrix sequence Ay := diag(Awm,e, Im)
with Any e a diagonal matrix with the entry corresponding to regressor tioxilt . mm
given by 7~ G0t 15)/2+1/2) Second, the properly scaled partial sum process cor-
responding to the Second, the limit process corresponding to the regressors Z;, i.e.,
Z(r) = limT_onl/?AIM,@ZLrTJ for 0 < r < 1, with Z(r) = (21(r),...,27(),
zi(r) := 1By (r) -+ By, (r)m for 0 < r < 1, i = 1,...,|Z] and B,,(r) denoting
the j-th component of B,(r).

Proposition 1. Let the data be generated by with appropriate assumptions in place.
Define ®* := (©,Q,,Q:.}), then as T — oo it holds thatm

@ or)azt =0l | Wi () (' ds (f 1 f(S)f(S)’d8>_1 (11)
1

o /01 AW (s)[F(1) — F(s)] (/01 f(S)f(S)’ds)_ ;

where:

, F(r):= /07‘ f(s)ds. (12)

15T ater, when discussing hypothesis testing and estimation under restrictions, it is convenient to consider
vectorized version(s) of (9), either vectorized by observation, i.e., vec(S¥) = (57" @ I,)vec(®) +
vec(S™) or vectorized by equation, i.e., vec(SY') = (I, ® SZ')vec(®’) + vec(S™).

16T detail notation: The (i,7)-element of fol AWy (8)[F(1) — F(s)] is given by fol [F;(1) —
Fj(S)}qu.vﬂ‘(S).

11



As indicated in Footnote for hypothesis testing and estimation under restrictions, it
is convenient to consider the vectorized (by equation) version of the IM-OLS estimator

® defined in (I0). Defining ¢ := vec(®') and ¢* := vec(®*), this leads to:
$ = vec ((gzézf)—l(ézsy')) = (I, ® (SZSZy ") (I,, ® §%)vec(SY)  (13)
and:
(I Agt) (6 ") (14)

1 -1 m
é(ﬂi/3®fz|+m)vec<< /0 f(s)f(s)’ds> /0 [F(l)—F(s)]qu~v(s)’>-

Conditional upon W, (r), the limiting distribution given in is normal with zero mean

and (conditional) covariance matrix:

Vit = Qo @ (( /0 1 f(S)f(S)’dS>_1 (15)

< ([ e - Fe e - ro)as) ([ eseras) )

Given a consistent estimator Qy., of ., based on A = (a},v;), with 4 the OLS
residuals of , an — up to scaling — estimator of V; immediately follows by simply
using the sample counterparts of the expressions appearing in the limit given in ,

i.e.,:
Vint := Quo ® (S287) 100’ (§287) 1, (16)

with C := (¢1,...,c1), ¢t == S;Z — Sizl fort=1,...,T, Stgz = Z;:l SJZ and S(?Z =
0. By construction, when Qu.v — y.» in probability, which holds under standard
assumptions on kernels and bandwidths (see, e.g., Jansson, 2002), it follows that (I, ®

A Viu(I, @ Apt) = Vi

The limiting distribution given in , in conjunction with the estimator Vins given
in , allows for asymptotic standard inference for testing (linear) restrictions on ¢
under two assumptions on the restrictions matrix, R say, that are detailed (for the
single-equation case) in Vogelsang and Wagner (2024, Section 2.2): The first relates to
the fact that the parameter vector qg contains elements that converge at different rates,

which has some implications for hypotheses that lead to standard inference (encoded

12



in the matrix Agr below). The second assumption on R, not explicitly stated in the
proposition, is that none of the hypotheses tested involves elements of I', which is not

estimated consistentlyﬂ

Proposition 2. Let the data be generated by with appropriate assumptions in place
and assume that long-run covariance estimation is performed consistently. Consider s

linearly independent linear restrictions collected in:
Hy : Rvec(®') = Rp =, (17)

with R € Rex(Zl+m)n ,f full row rank, r € R® and suppose that there exists a matriz
sequence Ar € R5*5 such that:

lim AR'R(I, ® Apy) = R, (18)

T—o0

with R* € Re*UZlmn o gull row rank s. Then, it holds under the null hypothesis for
T — oo that the Wald-type statistic:

~ ~ -1 ~
rw = (Ré— 1) (RVWR')  (RG—1) = O,, (19)
with Vi as defined in (L6) and Os denoting a chi-squared distributed random variable

with s degrees of freedom.

In the case that s = 1, it holds under the null hypothesis for T — oo that the t-type

statistic:

T = Ré—r = Z, (20)

VRV, R/
with Z denoting a univariate standard normally distributed random variable.
2.3 Estimation and Inference Under Restrictions

As discussed in Wagner (2023, Section 2.3), the cointegrating regression literature rarely

considers restricted least squares estimation, with one exception being the seemingly

"More formally, with K denoting the so-called commutation matrix, this means that for ¢ = vec(®') =
Kvec(®) = K(vec(©)',vec(I')’)’ it has to hold that R¢p = RK(vec(©)’,vec(I')’)’ is of the form
RK = (RVEC(@)7OSXnm)-
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unrelated regressions (SUR) cointegration literature, see, e.g., Moon (1999), Moon and
Perron (2004), Park and Ogaki (1991) or Wagner et al. (2020). When not all equations
include the same set of regressors, OLS- and GLS-type estimation, in general, cease to be
algebraically (and asymptotically) equivalent@ Potential choices concerning weighting
matrices in seemingly unrelated cointegrating regression systems are discussed in Park
and Ogaki (1991), see also Wagner (2023). IM-GLS estimation adds one additional
formal aspect to the discussion: The errors in the partial sum regression are integrated
and, therefore, weighting matrices cannot be directly related to covariance or long-run
covariance matrices of the error process, but rather to the first differences of the errors,
motivating the Park and Ogaki (1991) choices W = Q L or W = Q! also in the IM

settingE Clearly, restricted IM-OLS estimation is contained as the special case with
W=w=rP

To obtain a closed-form solution for the restricted estimator we consider, analogously to

hypothesis testing above, only affine restrictions on the parameter vector, i.e.,:
¢ = vec(®') = Dy +d, (21)

with D e RIZHm)nx9 of full column rank, ¢ € RY, arranged by equation similarly to
¢, and d € R(IIHm)n Given the mentioned fact that only the parameters in © are
estimated consistently, we only consider restrictions on © and do not consider restrictions
involving elements of I'. As above, we need once again to posit an asymptotic rank
condition on the constraint matrix, i.e., we need to assume that there exists a matrix
sequence Ap € R9%9 such that:

lim (I, ® A })DAp = D*, (22)

T—o0

with D* € RIZHm)nxg of fu1l column rank.

8We refer to GLS estimation for any variant of weighted least squares estimation and not — as in,
e.g., the classical Zellner (1962) setting — when weighting takes place with the inverse of the error
covariance matrix.

19We use the notation W for weighting matrices for obvious reasons and are confident that no confusion
with Wiener processes, always written with argument, i.e., as W(r), will occur.

20To be precise, the nT x nT weighting matrices considered in these cases are Qg ® I, Q) ® It and
I, ® I, respectively. Note that all GLS results presented in this paper consider weighting matrices
of the form W ® Ir. From an algebraic perspective, one could, in principle, consider also “full”
W e R"*"T weighting matrices.

21 As is well known, the explicit formulation of restrictions used in is equivalent to the implicit for-
mulation R¢ = r used in the discussion of the Wald-type test. Starting from the explicit formulation,
denote with D, € RUZI+mInx((ZI+m)n=9) 5 matrix of full column rank that fulfills D', D =0. Then
R=D',r=D'dand s = (|Z| + m)n —g.
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Proposition 3. Let the data be generated by with appropriate assumptions in place
and ¢ fulfilling the (explicit) restrictions posited in . Furthermore, assume that there
erists a matriz sequence Ap such that condition holds. The restricted integrated
modified generalized least squares (IM-GLS) estimator b of ¢ with symmetric weighting

matriz sequence W is defined as:
¢r = Do +d, (23)
with:
s (TR a7 &z -1
G = ((D (W& §48 )D) (24)
X <D’ (vec (S'ZSy'W> - (W S'ZS’Z’)d)) :
For o* such that ¢* = D¢* + d, it holds for T — 0o and W — W > 0 that:

A=) = (07w | 1 Ff(s)as) o) h (25)
X (D*’vec < /0 1 [F(1) — F(s)] dBu.v(S)’W)> :

The limiting distribution of ¢ given in is — conditional upon W,(r) — normal with

zero mean and covariance matrix:
VIM,R = A_IBA_la (26)
with:
1
A:=D" (W ® / f(s)f(s)’ds) D*, (27)
0
1
B := D" <WQu.vW ® / [F(1) = F(s)][F(1) - F(s)]’ds> D*. (28)
0
An estimator of Vi is readily available, analogously to and, therefore, asymp-

totically chi-squared or standard normal inference on ¢ follows, under conditions
and , similarly to Proposition [25*]

22(learly, as already discussed below , since the elements of ¢ that correspond to elements of I" are
not estimated consistently, the hypotheses are only allowed to involve entries of ¢ corresponding to
elements of ©. Furthermore, note that the limiting distribution of ¢g is, by construction, singular
unless D is a regular matrix.
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Proposition 4. Let the data be generated by with appropriate assumptions in place
and assume that long-run covariance estimation is performed consistently. Let the pa-
rameter vector ¢ in ¢ = Dyp+d with condition in place fulfill s, linearly independent

restrictions, 1. e.,:
Hy: Ryp =1y, (29)

with R, € R***9 with full row rank s, and r, € R%. Furthermore, assume that there

exists a matriz sequence A, € R%¢*%¢ such that:

lim A'R,Ap = R}, (30)

T—o0

exists and has full row rank s, and that W — W >0in probability. Then, it holds
under the null hypothesis for T — oo that the Wald-type statistic:

R n A —1
Twr = (Rpp — 1) (RSOA‘IBA‘IR@ (Rpp — 1) = O, (31)

with O, denoting a chi-squared distributed random variable with s, degrees of freedom

and:

~

A:=D'(W ® S?5%")D, (32)
B :=D'(WQ,.,W ® CC")D. (33)

In the case that s, = 1, a t-type statistic that is asymptotically standard normally dis-
tributed can be defined analogously to Proposition [3

Remark 4. To illustrate matters, let us consider the Cobb-Douglas system from Re-

mark [2] again. For this example, we have:

b1 1 au B 0 O
1 1 0 0 a2 B2

V1,1 --- V15
Y21 --- 25

2x11
o = € R,

with v, j, h =1,2(=n)and j = 1,...,5(= m), denoting the coeflicients in I'. Since there
are 16 free parameters in ®, using the notation as defined in , this implies that D €
R?2x16 ", € R0 and d € R?2. More specifically, ¢ = (611, a1, 81,711, - - - » V1.5, 2.1, @2, B2,
Y215+ --5725) and d = (0,1,0,...,0,1,0,...,0) with the two l-entries in the second and
thirteenth coordinate. The rows of the matrix D are all of the form (i) one 1-entry, rela-

ting an element of ¢, i. e., one of the unknown parameters, to an unrestricted coordinate
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of ¢, and all other entries equal to zero, or (ii) zeros only, corresponding to coordinates
in ¢ that are fixed (either at zero or one in this example)m
Next, consider restrictions on the elements of . The joint null hypothesis of constant

returns to scale in both countries and equal factor shares corresponds to Hy : a1 + 81 =
Lag+ =101 = o]

0110 00 0 00 . 1
Rop=,00 0 0 00 1 10 . o= =7,
0100 00 -100 ...0 0

For this example, condition is satisfied with A, = diag(T—Y2, 715, I5), Ap =
Iy @diag(T~Y2, T~ I, I5) and D = D*. That D = D* stems directly from the fact that
in each of the hypotheses considered only coefficients with the same convergence rate
are involved. This is a “standard testing” situation in which the rank constraint is
satisfied trivially. The same observation holds true also for testing constant returns to

scale of Translog production functions (see Footnote [14]).

Remark 5. Note that, exactly as discussed in Wagner (2023, Remark 1), for restrictions
of the form D = I, ® D, with an asymptotic rank condition of the form holding
for a full rank limiting matrix D* = I, ® D*, the IM-GLS estimator coincides with the

IM-OLS estimator for any positive definite symmetric weighting matrix W.

2.4 Fixed-b Inference

As mentioned in the introduction, one advantage of the IM-OLS estimator introduced
for single-equation cointegrating linear regressions in Vogelsang and Wagner (2014) and
extended to the single-equation CMPR setting in Vogelsang and Wagner (2024) is that
it can be used for asymptotically pivotal fixed-b inference. In the CMPR setting, see
Vogelsang and Wagner (2024, Corollary 1 and Proposition 3), asymptotically pivotal
fixed-b inference requires full design of the regression model. Full design means that the
limit process Z(r) can be written as Z(r) = Iz Zw (r), with IIz a regular matrix and

Zw (r) a functional of standard Brownian motions@

Z3This occurs in coordinates (and rows of D) two, five, six and 13 to 15 of ¢.

24Equivalently, one can also take 81 = B2 as third linearly independent restriction.

25Full design of (S)CMPRs can always be achieved by adding regressors, see the (single-equation) dis-
cussion in Vogelsang and Wagner (2024).
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The system CMPR setting considered in this paper adds another complexity to asymp-
totically pivotal fixed-b inference: The key quantity in fixed-b inference is a modified
estimator Qu.va of ., constructed from modified residuals S‘ZfM as defined below. In
the system case considered, this long-run covariance matrix is now, obviously, an n X n
matrix rather than, as in Vogelsang and Wagner (2014, 2024), a scalar. With respect
to Viu, this implies that (using a lower case letter for a scalar quantity) the variance
scaling factor in the test statistic is not of the form w,., times a matrix but, see ,
given by the Kronecker product of €., and a matrix, M say. This implies, see the proof
of Proposition [p] that a sufficient condition for asymptotically pivotal fixed-b inference
is that the restrictions matrix R € Rs*(Z+m)n _in Ro = r — fulfills R = I, ® R, with
R e Re/m>UTHm) - with s, := 2 a (positive) integer. This allows to perform fixed-b
inference for testing up-to-the-intercept-identical hypotheses in all equations in systems
with identical regressors in all equations. Whilst this is clearly restrictive, it, e.g., in-
cludes RESET-type specification testing for SUCPR systems with identical regressors in

all equations in both the null specification and the augmented regression.

Proposition 5. Let the data be generated by and assume that full design prevails.

Consider s = spn linearly independent restrictions collected m@
Hy : Rvec(®') = (I, @ R)p = r, (34)

with R e Rs=r*(Z[+m) of full row rank sg, r € R*R™ and suppose that there exists a

matriz sequence Ar € R*R*SR such that:

lim AZ'RA,, =RY, (35)

T—o0

with R* € Re=R*(TIHm) of full row rank sg. Then, it holds under the null hypothesis for
T — oo that the fized-b Wald-type statistic:

rup = (RO~ 1) (RVuuR) " (B —1) = 2L, 0(Q(P) ™ © L) Zugns  (36)

with VIM,M defined similarly as VIM mn , but with Qu.v replaced by QM.U,M, defined

m below, and Z,, an sgn-dimensional standard normally distributed random vec-

26 As in Proposition [2| we assume that none of the hypotheses tested involves elements of I', compare
Footnote This requires the last m columns of R to be zero.
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tor independent of Q(P). The precise form of Q(P) depends on the specification of the
SCMPR , the kernel function k(-) and the bandwidth-to-sample-size ratio 0 < b < 1@

It is key for asymptotically pivotal fixed-b inference that Z,, and Q(P) in are in-
dependent random variables. The necessity to achieve independence implies (for exactly
the same reason as discussed in detail in Vogelsang and Wagner, 2014, 2024) that, as
indicated above, 2., cannot be estimated using the IM-OLS residuals S} := S¥ — ®S7
and S¥ = (A%,,S‘%) Instead, orthogonalized modified residuals, SgM, have to
be used to annihilate (nuisance-parameter-dependent) correlation. These are given
by S% = S, (Ir — MY (MAMY)IML), with M+ = M(Iy — §%(S75%")~15%),
M = (My,...,Mp) and M; := tY | SZ =Y\ 57 8% for t = 1,...,T. The
required modified estimator of §2,., is now defined as:

T T . .
O =74 33 k(50 Asta8, (37)

i=2 j=2

= 0L QP
with kernel function &(-) and bandwidth B = bT for some 0 < b < 1.

Remark 6. Let us illustrate the scope of fixed-b inference with the Translog example
discussed in Remark [T] and the Cobb-Douglas example in Remarks [2] and @l The two-
outputs Translog example is an unrestricted system, i. e., a system with identical regres-
sors with unrestricted coefficients in both equations. It is therefore possible to perform
fixed-b inference for testing whether the system is in fact Cobb-Douglas, corresponding
to the coefficients to the squared production factors and the cross product being zero
in both equations, or whether both outputs are produced with constant returns to scale
(with the corresponding hypotheses given in Footnote . For the Cobb-Douglas exam-
ple fixed-b inference is not available since the starting point is, due to country-specific
production factors, a restricted system of equations (with block-zero restrictions in the

parameter matrix ©.

2TGiven the comparably limited scope for fixed-b inference in the SCMPR setting, we abstain from
explicitly stating and defining all necessary quantities. The stochastic process P(r) is the multivariate
analogue of P(r) as defined in Vogelsang and Wagner (2024, Proposition 3). The key difference is
that Wi, (r) is now an n-dimensional rather than a scalar process. The other elements constituting
P(r) — g(r), G(r), h(r) and H(r) — are exactly as in Vogelsang and Wagner (2024, Corollary 1 and
Proposition 3). Furthermore, the form of the functional(s) Q(P) is exactly as given above Vogelsang
and Wagner (2024, Proposition 3), conveniently defined there already for the multivariate case.
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Remark 7. Note that if the restrictions considered in this subsection are not rejected,
the discussion in Footnote [21]| clarifies that the corresponding restricted estimation prob-
lem is, unsurprisingly, subject to the type of restrictions discussed in Remark This
is a situation in which IM-GLS coincides with IM-OLS, or, in other words, the fixed-b
discussion in this paper is (algebraically) confined to IM-OLS.

3 Summary and Conclusions

This paper has extended integrated modified least squares estimation theory from the
single equation cointegrating multivariate polynomial regression setting considered in Vo-
gelsang and Wagner (2024) to the systems case. It is important to note that the CMPR
and SCMPR setting allow to overcome the ubiquitous additive separability assumption
between integrated regressors in the nonlinear cointegrating regression literature, ad-
mittedly only for polynomial functions. Whilst this is, of course, a very special class
of functions it (i) includes the relevant case of Translog-type (systems of) equations,
(ii) allows for RESET-type specification testing and (iii) is an important starting point
for multivariate Sieve-type (or Taylor) approximation of more general (differentiable)

functions.

Considering systems of equations adds two aspects compared to single equation analysis.
First, it necessitates the detailed consideration of not only ordinary least squares but also
generalized least squares estimators. This stems from the well-known fact that OLS and
GLS estimators only necessarily coincide in equation systems with identical regressors
across all equations and without parameter constraints (as shown in Zellner, 1962).
Whilst such an unrestricted system might be a valid starting point for empirical analysis,
the result of, e. g., specification testing or the imposition of restrictions stemming from
economic theory will typically be restricted systems. Consequently, we discuss in detail
inference for both unrestricted and restricted IM estimators. It furthermore turns out
that the scope of fixed-b inference is relatively limited. In addition to full design of the
regression system — a necessary condition also in the single-equation setting in Vogelsang
and Wagner (2024) — it turns out that fixed-b inference is only available for up-to-the-
intercept-identical hypotheses tested in all equations in systems with identical regressors
in all equations. Despite this being very restrictive, it allows, e.g., for RESET-type
specification testing for SUCPR systems with identical regressors in all equations in

both the null specification and the augmented regression.
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The methods developed in this paper are going to be used in future work to estimate
Translog-type production function systems, both at the aggregate (multi-)national level
as well as at the sectoral levelFE] In addition, it may also be interesting to extend the
SUR-type theory of Knorre and Wagner (2024) from the SCPR to the SCMPR case

considered in this paper.
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Appendix: Proofs

Proof of Proposition[]. The result presents the system version of the IM-OLS estimator
and its asymptotic properties derived for the single-equation CMPR, setting with n = 1 in
Vogelsang and Wagner (2024, Proposition 1) and follows upon combining the individual

equation results. [ ]

Proof of Proposition[3 Under the null hypothesis and condition on Apg, it holds
that:

AR (R =) = (AR R(ln © Aw)) (1o ® AT (6 = 7)) = B'Y.

with ) denoting the random variable (limiting distribution) given in . R*Y is
under the null hypothesis — conditional upon W, (r) — normally distributed with zero
mean and covariance matrix R*V;yR*. Under condition , it furthermore holds that
AglRVIMR’ Aéll = R*ViyR*. Combining the two results now immediately leads to the
asymptotic chi-squared distribution for 7 as defined in by noting that conditional
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convergence to a chi-squared distribution that is (by definition) independent of W, (r)

amounts to unconditional convergence. |

Proof of Proposition[3. Centering of the IM-OLS estimator, compare Proposition

takes place around ®*. Therefore, considering:
D'vec (SZ SZ’cb*’W) = D'(W ® §25%)¢* = D'(W ® §237')(Dy* + d),
implies:
b = (DWe SZSZ’)D)_l ((D'vee (57(sv — @*87)17)) (38)
- (D/(W ® §Z S*Z’)Dy1 (D’vec (SZ (S% — QMQ;}X)/W)) .

With condition and W — W > 0 in probability in place, it follows from straight-

forward calculations that:
1 -1
ABl(cﬁ — ") = (D*' (W ®/ f(s)f(s)'ds) D*> (39)
0

« <D*'Vec ( /0 1 f(s)Bu.U(S)'d8W>>7

with the result as given in the main text in following by partial integration. |

Proof of Proposition [l The result follows analogously to the result for the Wald-type
statistic for linear hypotheses on ¢ derived in Proposition |2l An additional complication
is that two asymptotic full rank conditions, one related to the matrix D relating ¢ and
¢, given in , and one related to the restrictions matrix R, given in , have to be
fulfilled. Also, of course, A and B need to be properly scaled to converge. |

Proof of Proposition[5. As in the proof of Vogelsang and Wagner (2014, Lemma 2), it is

u
7T ],m

that they are equivalently given as the OLS residuals of the regression of S} on th and
M;. Based on this observation, it can be shown that 7/ Zttfgj AS}”M = Qll,,/gP(r), with
P(r) defined similarly to (28) in Vogelsang and Wagner (2024), with the only difference

being that W,.,(r) is now an n-dimensional process rather than a scalar process@ The

casiest to establish the asymptotic behavior of the modified residuals S by noting

**To be precise, P(r) := [ dWy.v(s) — fol AW (s)[H(1) — H(s)]' (fol h(s)h(s)'aﬂs)i1 h(r). Note that

H(r) is — which requires full design — a functional of standard Brownian motions.
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second important ingredient for asymptotically pivotal fixed-b inference is independence
of P(r) — as input in Q(P) — and Z,, = (R*ViyR*)"Y2(R*Y). This can be shown
analogously to the n = 1 case in the proof of Vogelsang and Wagner (2024, Proposition 3),
in particular (57%(59)@ Write Vi as defined in for brevity as Viy = Qu.0o @ M and
consider — to conclude the proof — the asymptotic behavior of the modified covariance
estimator which is the central term in the fixed-b Wald-type statistic 7y, defined in :

AR RV RARY = (I @ RY) (2Q(P)LY @ M) (1, @ RY) (40)
= QLQPIL ® (R"MRY)

= (Quo @ REMR*)Y2(Q(P) @ L) (Quy @ R* MR )
— (R*V}MR*/)UQ (Q(P) ® ISR) (R*VIMR*/)I/2/.

Combining the parts defining 7 ; establishes the result. |
3Gince Y, as given in (14), can — in the case of full design — be written as

(Q}/f @IV g(S)g(s)’ds)_l) vec (fol (GQ) - G(s)]dWM(s)’), with IT := diag(Ilz, Q1/%), the rel-
evant component for showing independence is vec (fol [G(1) — G(s)]qulv(s)').
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